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Abstract 

�7�K�L�V���V�W�X�G�\���F�R�P�S�D�U�H�V���%�O�D�F�N�¶�V���P�R�G�H�O���Z�L�W�K���W�K�U�H�H���W�\�S�H�V���R�I���+�-�0���P�R�G�H�O�V���V�S�H�F�L�I�L�H�G���Z�L�W�K��
different implied volatility functions. Empirical performance in terms of their predicting 
option prices is investigated using Eurodollar futures and options prices across strike prices 
and maturities for the period 1 Jan 2000 and 31 Dec 2002. These models are potential 
candidates for measuring, controlling, and supervising interest rate risk within a risk 
�P�D�Q�D�J�H�P�H�Q�W�� �V�\�V�W�H�P���� �7�K�H�� �H�Y�L�G�H�Q�F�H�� �L�Q�G�L�F�D�W�H�V�� �W�K�D�W�� �H�P�S�L�U�L�F�D�O�O�\�� �%�O�D�F�N�¶�V�� �P�R�G�H�O�� �R�X�W�S�H�U�I�R�U�P�V��
the ABS and the SQR models through 1-day and 1-week predictions, but not the EXP 
model. Through three different calibrating strategies, identical result appears. A moneyness 
�E�L�D�V���D�Q�G���D���P�D�W�X�U�L�W�\���E�L�D�V���D�S�S�H�D�U���L�Q���%�O�D�F�N�¶�V��and all HJM models and it cannot be removed or 
reduced through three alternative calibration procedures. Finally our results suggest that 
�F�R�U�U�H�F�W�O�\�� �H�V�W�L�P�D�W�H�� �%�O�D�F�N�¶�V�� �P�R�G�H�O�� �F�D�Q�� �U�H�S�Oace inappropriate ABS and SQR models in 
predicting option prices within our sample. 

Keywords���� �9�R�O�D�W�L�O�L�W�\�� �I�X�Q�F�W�L�R�Q���� �%�O�D�F�N�¶�V�� �P�R�G�H�O���� �+�-�0��model; Term structure of interest 
rates 

JEL Classifications: G12, G13 

Introduction 
�3�U�L�F�H�V���L�Q���F�R�P�S�H�W�L�W�L�Y�H���I�L�Q�D�Q�F�L�D�O���P�D�U�N�H�W�V���²���E�R�W�K���G�H�E�W���D�Q�G���H�T�X�L�W�\���P�D�U�N�H�W�V���D�V���Z�H�O�O���D�V���G�H�U�L�Y�D�W�L�Y�H���P�D�U�N�H�W�V��
�²���U�H�I�O�H�F�W���P�D�U�N�H�W���D�V�V�H�V�V�P�H�Q�W�V���R�I���I�X�W�X�U�H���H�Y�H�Q�W�V���� �3�U�Lces of Eurodollar futures and options represent the 
market gauge of the direction and magnitude of their expected movements of interest rates. Eurodollar 
futures and options on futures traded in Chicago Mercantile Exchange, are the most actively traded in 
the world with open interest over 40 million and average daily volume of 3.0 million in 2006. The 
highly liquid market represents a market consensus and consequently the implied volatility in options 
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represents the expectation of future volatility. Models incorporate the information of option prices 
could enhance the valuation ability and thus more able to hedge interest rate exposure. 

Assessing hedging efficiency of Eurodollar options, the applicability of the different models 
within a risk management system should be considered. Although the volatility implied in option 
prices varies across strikes and maturities, the standard market model simplifies the assumption of 
volatility. Previous works tend to use sophisticated models to capture the true behavior of market 
volatility. The interest of this paper is to examine the standard model in valuing interest rate options 
and compare with a more complex model. In this �S�D�S�H�U�����%�O�D�F�N�¶�V���P�R�G�H�O�������������������D�Q���H�[�W�H�Q�V�L�R�Q���R�I���%�O�D�F�N��
Scholes (BS, 1973) model, is compared with Heath, Jarrow, and Morton (HJM, 1992) model. 

To examine the application of the different models within a risk management system requires 
two important decisions about the test methodology. First, valuation models within risk management 
systems must be capable of predicting future option prices if they are to correctly measure risk 
exposure. This capability is examined by performing ex post predictability of a model in this study. 
Second, we estimate volatility parameters from option prices rather than from time series. Volatility 
parameters implied in option prices are the market assessment of future volatility (Mayhew, 1995) and 
thus contains more useful information for prediction than time series. Moreover, implicit volatility is 
used because options across different strikes and maturities can be evaluated. This is the key for the 
valuation of models since pricing options depends upon the model is able to fit into the skew of the 
underlying asset distribution. 

The main goal of this paper is to clarify the question of whether HJM models are better than 
�%�O�D�F�N�¶�V�� �P�R�G�H�O�� �V�X�L�W�H�G�� �W�R�� �V�X�S�S�R�U�W�� �W�K�H�� �P�H�D�V�X�U�H�P�H�Q�W���� �Fontrol, and supervision of interest-rate risk. 
Previous work provides no answer for this important question. Though the two models are close to 
each other from the theoretical point of view, they can exhibit very different behaviors in application. 
It is not at all obvious that all models in HJM �F�O�D�V�V���R�X�W�S�H�U�I�R�U�P���%�O�D�F�N�¶�V���P�Rdel in price prediction. 

�&�R�P�S�D�U�H�G���Z�L�W�K���%�O�D�F�N�¶�V���P�R�G�H�O�����W�K�U�H�H���Y�R�O�D�W�L�O�L�W�\���I�X�Q�F�W�L�R�Q�V���I�R�U���+�-�0���P�R�G�H�O�V���D�U�H���V�H�O�H�F�W�H�G�����7�K�H���I�L�U�V�W��
model represents the continuous-time version of Ho�� �D�Q�G�� �/�H�H�¶�V�� �������������� �P�R�G�H�O�� �Z�L�W�K�� �*�D�X�V�V�L�D�Q�� �I�R�U�Z�D�U�G��
rates and constant (absolute) volatility. The second model, assumed by Vasicek (1977), has the 
property of exponentially dampened volatility�� �²�� �W�K�D�W�� �L�V���� �W�K�H�� �Y�R�O�D�W�L�O�L�W�\�� �G�H�S�H�Q�G�V�� �X�S�R�Q�� �W�K�H��
proportionality of exponential decaying to time to maturity. The third model represents level-
dependent volatility function, assumed by Cox, Ingersoll, and Ross (1985). Each day the four models 
are fitted options with different strikes and maturities to estimate volatility parameters across the 
sample period 1 Jan 2000-31 Dec 2002. The predicting performance of the model is determined by the 
out-of-sample pricing, defined as the price on the next day and the next week using parameters 
estimated on today prices. We also analyze the moneyness bias and the maturity bias for both models. 
To check the robustness of our measure, we conduct three alternative calibration strategies, calibrating 
models into ATM options to price all options, into calls to price all options, and into puts to price all 
options.

This paper is organized as follows. The HJM models are described in the first section. In the 
second section, the data and the selection of volatility functions in the HJM model are presented, along 
with the methodology relating to estimate volatility parameters. The fourth section shows empirical 
results of pricing and hedging performance. Finally, we conclude the paper. 

Literature Review 
The previous research using empirical tests on interest rate models generally focuses on comparisons 
of different volatility functions in the HJM model. Flesaker (1993) tests Ho and Lee (1986) for the 
one-factor constant volatility of the HJM model. Amin and Morton (hereafter AM, 1994) test six 
implied volatility (IV) functions of term structure in HJM class in pricing and earning profits from 
mispriced options. IV function parameters are derived by minimizing the divergence of market and 
model term structure and option prices. Bühler et al. (1999) use the historical estimate to test several 
one-factor and two-factor short-rate and HJM models. Cakici and Zhu (2001) study the differences of 
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IV functions of one-factor HJM models in the Ritchken-Sankarasubramanian algorithm for pricing 
Eurodollar futures options. Zeto (2002) tests several IV functions with a jump component in pricing 
and hedging. Gupta and Subrahmanyam (2005) compare several IV functions of HJM and other 
models in pricing and hedging. Kuo and Paxson (2006) test IV of���P�X�O�W�L�I�D�F�W�R�U�� �P�R�G�H�O�V�¶�� �S�U�L�F�L�Q�J���D�E�L�O�L�W�\��
and profitability from mispriced options. 

�8�Q�I�R�U�W�X�Q�D�W�H�O�\�����W�K�H�U�H���L�V���R�Q�O�\���O�L�P�L�W�H�G���Z�R�U�N���F�R�P�S�D�U�L�Q�J���%�O�D�F�N�¶�V���D�Q�G���,�9���I�X�Q�F�W�L�R�Q�V���R�I���+�-�0���P�R�G�H�O�V��
in terms of their option price prediction. Rindell and Sandås (1991) compare the Black-Scholes model 
(1973) and the HJM constant-volatility model in terms of their goodness of fit for Swedish Treasury 
Note options. However, the parameters is based on historical interest rate data rather than on current 
derivative prices; and most importantly, that study does not analyze moneyness and maturity biases. It 
�L�V�� �S�D�U�W�L�F�X�O�D�U�O�\�� �V�L�J�Q�L�I�L�F�D�Q�W���� �V�L�Q�F�H�� �L�Q�� �S�U�D�F�W�L�F�H���� �W�K�H�� �F�D�O�L�E�U�D�W�L�R�Q�� �R�I�� �W�K�H�� �Y�R�O�D�W�L�O�L�W�\�� �³�V�N�H�Z�´�� �R�U�� �³�V�P�L�O�H�´�� �L�V�� �D�Q��
important step in the pricing and hedging of options. 

Theoretical Framework 
�8�Q�O�L�N�H�� �%�O�D�F�N�¶�V�� �P�R�G�H�O���� �+�-�0�� �S�U�R�S�R�V�H�� �D�� �P�R�G�H�O�� �D�O�O�R�Z�L�Q�J��forward interest rates to be stochastic. Their 
model values all zero-coupon bonds with varying maturities and can price all interest rate contingent 
claims as arbitrage-free. The forward rate process can be written as, 

 (1) 
whereµ(t,T) is the drift of instantaneous forward rates and i(t,T) represents the instantaneous 

standard deviation of the forward interest rate of maturity T at date t, which can be chosen rather 
�D�U�E�L�W�U�D�U�L�O�\���� �+�H�U�H���³dz�´�� �I�R�O�O�R�Z�V�� �D���R�Q�H���G�L�P�H�Q�V�L�R�Q�D�O�� �%�U�R�Z�Q�L�D�Q���P�R�W�L�R�Q���� �7�K�H��i� ���« n indicates the number 
of factors in HJM model. 

As HJM show, when a number of regularity conditions and a standard no-arbitrage condition 
are satisfied, the drift of the forward rates under the risk-neutral measure is uniquely determined by the 
volatility functions, 

 (2) 
Thus, the forward rate processes are completely governed by their volatility functions. In 

addition, the methodology incorporates multiple factors and it does not require estimates of the 
�³�P�D�U�N�H�W�� �S�U�L�F�H�V�´�� �I�R�U�� �U�L�V�N���� �$�V�� �V�X�F�K���� �L�W�� �L�V�� �D�Q�D�O�R�J�R�X�V��to the Black-Scholes approach for pricing equity 
options.

To price interest rate contingent claims, a volatility function should be specified in the model. 
Nevertheless, the evolution of the forward rate process in the HJM framework is, in general, non-
Markovian so that the volatility functions imposed in the model causes in the process of forward rates 
to be path-dependent. Pricing interest rate options requires a non-recombined tree using backward 
induction procedure. 

Data and Methodology 
Data

We use the dataset provided from Futures Industry Institute which covers the period from Jan 1, 2000 
to Dec 31, 2002. The average daily number of call options and put options is 10.68 and 9.94, 
respectively, while the average number of futures is 3.98. Of the 15,473 observations, 62 percent of the 
total options are ATM, 30 percent are OTM, and 8 percent are ITM options. Over 56 percent of the 
options are options with maturity between 180 and 360 days, showing that within this band of options 
are the most active. 
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Methodology

�8�Q�G�H�U���%�O�D�F�N�¶�V���D�Q�G���+�-�0���P�R�G�H�O�V�����W�K�H���R�Q�O�\���Y�D�U�L�D�E�O�H���O�H�I�W���W�R���E�H���H�V�W�L�P�D�W�H�G���I�R�U���S�U�L�F�L�Q�J���R�S�W�L�R�Q�V���L�V���Y�R�O�D�W�L�O�L�W�\����
�,�Q�� �%�O�D�F�N�¶�V�� �P�R�G�H�O���� �Y�R�O�D�W�L�O�L�W�\�� �L�V�� �G�H�W�H�U�P�L�Q�H�G�� �E�\�� �D�� �F�R�Q�V�W�D�Q�W�� �Q�X�P�E�H�U���� �E�X�W�� �L�Q�� �+�-�0�� �P�R�G�H�O�V���� �D�� �Q�X�P�E�H�U�� �R�I��
parameters embedded in volatility functions have to be obtained. In this study, we determine the 
volatility using an implicit volatility estimate. The implicit estimate, which uses market option prices 
to back out the standard deviation of the underlying asset, conveys information that is more relevant to 
�S�U�L�F�H���R�S�W�L�R�Q�V���� �7�R�� �G�H�U�L�Y�H�� �W�K�H�� �Y�R�O�D�W�L�O�L�W�\�� �H�V�W�L�P�D�W�H���I�R�U�� �%�O�D�F�N�¶�V�� �P�R�G�H�O���� �D�� �V�W�D�Q�G�D�U�G���E�L�Q�R�P�L�D�O�� �P�R�G�H�O���� �W�D�N�L�Q�J��
into account early exercise premium, is employed. The procedure for determining the volatility 
parameters in HJM models is as follows: 

First, to satisfy the HJM model, the initial term structure of forward rates should be calculated 
by matching model futures and market futures prices. The forward rates are computed using the 
Levenberg-Marquardt procedure such that the sum of the squared differences between model futures 
prices (using equation (4) in AM) and market futures prices are minimized. Second, by adjusting 
volatility inputs, model option prices (See equation (5) in AM) are fitted to market prices to backout 
volatility function parameters using the Levenberg-Marquardt procedure again until the sum of 
squared errors between market and model option prices are minimized. 

Next, following the previous stage, the volatility parameters found on date t are used to price 
options on date t+1 and t+7. This procedure is done on each business day for each model over the 
sample period. Then the out-of-sample errors, defined as the differences between market and model 
prices, are computed for each option across moneyness and maturities. 

Models 
When no-arbitrage conditions are satisfied, the specification of the HJM model is completely governed 
by volatility functions. To price interest rate contingent claims, one needs to propose the volatility 
function assumed by the market. Largely inspired by the existing literature that analyzes and proposes 
three most common volatility functions, the first one is the continuous version of the Ho-Lee (1986) 
model under the Gaussian forward rate and constant volatility function. The second is the function to 
capture level-dependent volatility specified with proportionality to the square root of interest rates, 
assumed by Cox, Ingersoll, and Ross (1985). The third one is to reflect the presence of exponentially 
dampening volatility, specified with the proportionality of the exponential decaying with time to 
maturity. This function is assumed by Vasicek (1977) and Hull and White (1990). In mathematical 
terms, the models studied in this paper are: 

(1) Constant volatility [ABS]:  (t,T) = 1

(2) Square root volatility [SQR]: 1  (t,T) = 1f (t,T)1/2

(3) Exponential decaying volatility [EXP]:  (t,T) = 1e
(T t)

�$�S�D�U�W���I�U�R�P���W�K�H���+�-�0���P�R�G�H�O�����Z�H���X�V�H���%�O�D�F�N�¶�V���P�R�G�H�O��to compare with three models in HJM class. 
In terms of the volatility function, �%�O�D�F�N�¶�V���Y�R�O�D�W�L�O�L�W�\���F�D�Q���E�H���W�U�H�D�W�H�G���D�V constant form of HJM model. 

Table 1: A General Form of IV Functions 
(t,T) = 1f(t,T) 1exp[ (T  t)]

Model 1 1

ABS X 0 0 
SQR X 1/2 0 
EXP X 0 X 

Empirical Results 
Since the purpose of this paper is to determine which model is more able to serve as an interest rate 
�U�L�V�N���P�D�Q�D�J�H�P�H�Q�W���W�R�R�O�����Z�H���X�V�H���%�O�D�F�N�¶�V���P�R�G�H�O���D�Q�G���W�K�U�H�H���P�R�G�H�O�V���L�Q���+�-�0���F�O�D�V�V���L�Q���W�H�U�P�V���R�I���W�K�H�L�U���D�E�L�O�L�W�L�H�V��
in out-of-sample prediction. The implementation procedure of the IV estimate was described in the 
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previous section. To reduce the degree to which inference of out-of-sample performance is being 
driven primarily by in-sample fit, volatility parameters found on date t are used to price options not 
only one-day ahead, but also 1-week ahead. Table 2 shows the in-sample fitting performance; Table 3 
presents 1-day out-of-sample prediction; Table 4 shows 1-week out-of-sample prediction. The fitting 
and prediction errors are evaluated based on ABE (average absolute error where the error is defined as 
the discrepancy between market and model prices), and RAE (the average relative absolute error 
defined as the absolute error over the market option price). 

Since HJM models preserve several realistic features and allow interest rates to be stochastic, 
�W�K�H���S�U�L�F�L�Q�J���D�F�F�X�U�D�F�\���R�I���P�R�G�H�O�V���L�Q���+�-�0���F�O�D�V�V���L�V���O�L�N�H�O�\���W�R���S�H�U�I�R�U�P���E�H�W�W�H�U���W�K�D�Q���%�O�D�F�N�¶�V���P�R�G�H�O�����6�X�U�S�U�L�V�L�Q�J����
�7�D�E�O�H�������D�Q�G�������S�U�H�V�H�Q�W�V���W�K�D�W���%�O�D�F�N�¶�V���P�R�G�H�O���R�X�W�S�Hrforms ABS and SQR models based on ABE and RAE 
measures in in-sample fitting and 1-day out-of-sample prediction. Even in one-week prediction in 
Table 4 and the results separately displayed with calls and puts in Table 5 indicates a similar pattern of 
results. The finding indicates that���D�O�W�K�R�X�J�K���%�O�D�F�N�¶�V���P�R�G�H�O���Y�L�R�O�D�W�H�V the constant volatility assumption, 
empirically the model surpasses ABS and SQR models in predicting option prices. 

The relative poor performance of the ABS and the SQR models reflect that these models may 
be mis-specified. Note that the ABS model assumes that the term structure volatility is flat, whereas 
the SQR model reflects that the term structure of volatility depends on the level of interest rates. The 
poor predicting performance of both models is likely due to inconsistencies with market volatility 
implied in the Eurodollar futures options. This finding indicates that incorrectly specified and 
estimated volatility functions fo�U���+�-�0���P�R�G�H�O�V���F�R�X�O�G���X�Q�G�H�U���S�H�U�I�R�U�P���R�Y�H�U���%�O�D�F�N�¶�V���P�R�G�H�O����

Table 2: Fitting Performance of All Models 

Model ABE RAE 
Black 0.025 0.345 
ABS 0.03 0.385 
EXP 0.012 0.137 
SQR 0.029 0.368 

However, for all measures and all models, the EXP model performs the best. With respect to 
in-sample and both out-of-sample predictions based on ABE and RAE measures, the pricing errors of 
the EXP model are significantly lower than the other three models. The EXP model assumes the 
volatility of term structure dependent upon exponential decay where the speed of decay depends upon 
the time to maturity. The decaying speed  is negative (not reported in the paper) implying that the 
variance of long-term Eurodollar futures rates is lower than the short-term counterpart. Much of the 
pricing performance of the EXP model may be contributed by the model embedded with different 
price-sensitive volatility parameters. Due to this effect of the specification of volatility function, the 
EXP model provides a great advantage for pricing Eurodollar futures options across strikes and 
maturities. 

Table 3: One-Day Prediction Performance for All Models 

Model ABE RAE 
Black 0.026 0.351 
ABS 0.031 0.398 
EXP 0.014 0.152 
SQR 0.029 0.381 

Based on Table 5, the results also show an observable pattern. For all models in the RAE 
measure, prediction errors for puts are higher than those for calls, which illustrate the discrepancy that 
�W�K�H���P�D�U�N�H�W�¶�V���D�V�V�H�V�V�P�H�Q�W���R�I���W�K�H���Y�R�O�D�W�L�O�L�W�\���R�I���W�K�H���U�H�O�D�W�L�Y�H���I�X�W�X�U�H�V���S�U�L�F�H���F�K�D�Q�J�H�V���L�V���J�U�H�D�W�H�U���I�R�U���S�X�W�V���W�K�D�Q���I�R�U��
calls. Harvey and Whaley (1992) documented a s�L�P�L�O�D�U�� �S�D�W�W�H�U�Q�� �L�V�� �I�R�X�Q�G�� �L�Q�� �2�(�;�� �R�S�W�L�R�Q�V���� �%�D�W�H�V�¶��
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skewness measure1 of between -0.6 and -0.3 indicates a negatively skewed distribution. The expected 
payoff from the put, conditional on the underlying price exceeding the strike, is greater than that for 
the call because of the downward-skewed tail. For a downward-skewed distribution, an OTM put 
trades at a premium to the corresponding call. 

Table 4: One-Week Prediction Performance for All Models 

Model ABE RAE 
Black 0.028  0.372 
ABS 0.033 0.421 
EXP 0.018  0.194 
SQR 0.031 0.405 

Since each day we calibrate all models with Eurodollar futures options across strike prices and 
maturities, it is important to examine the prediction errors according to each range of strike prices and 
maturities. Figure 1 and shows the 1-day prediction error for options when they are categorized by 
option moneyness and Figure 2 presents the error categorized by option maturity. The grouping is done 
by sorting the option moneyness with each increment of 15 basis points and the rest of the options are 
sorted into the last group. In Figure 2, predicting errors are plotted by sorting the option maturity by an 
increment of 60 days and the rest of the ungrouped options are sorted into the last group. 

The Black-Scholes model assumes that stock prices are lognormally distributed, which implies 
in turn that stock log-prices are normally distributed. Hull (2006) pointed out that a moneyness bias is 
a consequence of empirical violation of the normality assumption. The larger prediction errors in OTM 
and ITM options relative to ATM options reflect that these options are priced with higher volatility 
relative to ATM options. This implies that both tails of implied distribution are thicker than implied by 
the Black model. The patterns of the moneyness bias implied in prediction errors across strike prices 
�I�R�U�� �+�-�0�� �P�R�G�H�O�V�� �D�U�H�� �V�L�P�L�O�D�U�� �Z�L�W�K�� �W�K�D�W�� �R�I�� �%�O�D�F�N�¶�V��model. Moreover, the assumed distributions of the 
HJM models are not consistent with their implied distribution for Eurodollar futures options, leading to 
under-priced OTM and ITM and over-priced ATM options. 

Table 5: One-Day and One-Week Prediction Performance of Calls and Puts for All Models 

Model  1-Day Ahead 1-Week Ahead 
  ABE RAE ABE RAE 

C 0.026 0.335 0.028 0.361 Black  
P 0.026 0.369 0.028 0.384 
C 0.03 0.386 0.032 0.414 ABS  
P 0.032 0.411 0.033 0.428 
C 0.013 0.141 0.018 0.186 EXP  
P 0.015 0.165 0.019 0.202 
C 0.029 0.366 0.031 0.394 SQR
P 0.03 0.397 0.031 0.415 

Figure 1 shows that none of the HJM models are able to reduce the moneyness bias, but what 
about the maturity bias? In Figure 2, the prediction �H�U�U�R�U�V���R�I���F�D�O�O�V���D�Q�G���S�X�W�V���I�R�U���%�O�D�F�N�¶�V�����$�%�6�����D�Q�G���6�4�5��
models are roughly an increasing function of maturity. These models underprice long-term options 
yielding positive average errors whereas the EXP model overprices these options yielding to negative 
average errors. The presence of the moneyness and maturity bias for al models reflect the possibility of 
missing variable. The variable may relate to random volatility, so-called stochastic volatility. However, 
if the volatility is stochastic, the no-arbitrage argument can not exist and market price of risk should be 

1 Bates (1991) provides a simple measure of skewness for European and American options on futures contracts. This measure is computed as: SK (x) = 
c(Ft ,  , X c ) / p(Ft ,  , X p )  1 , where c(Ft ,  , Xc ) is the call option price with  days to maturity, X c is the exercise price of call option. p(Ft ,  , X p) is 
the put option price with exercise price X p�������7�R���F�R�P�S�X�W�H���%�D�W�H�V�¶���V�N�H�Z�Q�H�V�V���P�H�D�V�X�U�H�����W�K�H���F�D�O�O���D�Q�G���S�X�W���H�[�H�U�F�L�V�H���S�U�L�F�H�V���D�U�H���V�H�W���D�S�S�U�R�[�L�P�D�W�H�O�\��x percent out 
of the money. 
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estimated. A tractable solution may not be obtained. In reality, as documented by Amin and Morton 
(1994), pricing near-the-money options with the constant volatility in effect is not different from the 
performance of stochastic volatility. 

Figure 1: The Forecast Error of Call and Puts for Different Moneyness 

Figure 2: The Forecast Error of Call and Puts for Different Maturity 

Alternative Calibrations for Models 
In the previous section, the results indicate the presence of the moneyness bias and the maturity bias. 
In this section, we study three alternative calibration strategies fitting ATM options to price all options, 
fitting calls to price all options, and fitting puts to price all options. There are two objectives for 
implementing these strategies: first, it is the way to check the robustness of the model performance in 
terms of price prediction. Second, it is natural to ask whether the moneyness and the maturity biases 
are subject to different estimating approach. 
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Table 6: 1-Day Prediction Performance from Alternative Calibration Methods for All Models 

  Use ATM to Price ALL 
Options 

Use Call to Price ALL 
Options 

Use Put to Price ALL 
Options 

Model Option ABE RAE ABE RAE ABE RAE 
Black  All 0.0258 0.362 0.026 0.373 0.026 0.325 
ABS  All 0.0288 0.348 0.028 0.378 0.029 0.385 
EXP All 0.0154 0.165 0.016 0.170 0.015 0.165 
SQR All 0.0279 0.34 0.026 0.371 0.027 0.364 

Table 6 presents the performance of three calibration methods estimated by ABE and RAE for 
four models. Under the three alternative calibrations, similar patte�U�Q�V�� �R�I�� �U�H�V�X�O�W�V�� �D�U�H�� �I�R�X�Q�G���� �%�O�D�F�N�¶�V��
model still predicts with lower error than ABS and SQR models, except using calls to price all options 
for SQR model. Again, the EXP model still provides the best forecast. These results strengthen the 
robustness of our finding. The moneyness bias and the maturity bias still appears, but in different 
magnitudes. The patterns of moneyness bias and the maturity bias turn out to be constant across the 
three calibration strategies2. The finding suggests that these biases may be reduced, but only marginal. 

Regression Analysis of Model Performance 
A simple regression equation is used to test whether there is a linear relationship between option prices 
and forecast prices for different models. The equation is written as: 

Market Price =  +  *Model Price+  (3) 
This test is to assess the performance of each model in relation to the observed prices. This 

�V�L�P�S�O�H�� �O�L�Q�H�D�U�� �U�H�J�U�H�V�V�L�R�Q�� �R�I�� �W�K�H�� �P�D�U�N�H�W�� �S�U�L�F�H�� �R�Q�� �W�K�H�� �P�R�G�H�O�� �Y�D�O�X�H�� �L�V�� �W�K�H�� �V�R���F�D�O�O�H�G�� �³�O�L�Q�H�� �R�I�� �S�H�U�I�H�F�W��
�I�R�U�H�F�D�V�W�´���� �:�L�W�K�� �S�H�U�I�H�F�W�� �S�U�H�G�L�F�W�L�R�Q����the values of the coefficients  and  in the regression should be 
indistinguishable from zero and one, respectively. Table 7 reports the regression results of four 
competing models. The models perform differently, with the explained variation being between 0.93 
and 1.09. With critical value 5 percent, large t statistics and very small P values provide evidence 
against the null hypothesis that the values of  and  are equal to 0 and 1. R squares measure the data 
fitting into the regression line, showing it all to be over 0.9. In particular, the EXP model yields the 
highest R square value with 0.98. Again, the explained �Y�D�U�L�D�E�O�H�V���I�R�U���%�O�D�F�N�¶�V���P�R�G�H�O���D�U�H���P�X�F�K���F�O�R�V�H�U���W�R��
1 than ABS and SQR models, reflecting the prediction performance of former outperform the latter. 

Table 7: Regression of Fitting Performance 
Market price of option =  +  * Model forecast price + 
This table reports the result of simple regression which the market price is regressed against the model 
price. Date-t volatility parameters are used as input to determine model prices on date t+1. The t-
statistic is for testing H0:  = 0 or  = 1 (not reported in the Table). The F-statistic is for testing H0:  = 
0.

R-squared F-statistic 
Black -0.01 1.05 0.95 294068 
ABS -0.01 1.08 0.92 171845.1 
EXP  0.01 0.96 0.98 731752.4 
SQR -0.01 1.08 0.93 195360.9 

The constant and the independent variable are all significant with a probability of at least 95%. 

Next, we study the systematic biases in relation to the several variables. The following cross-sectional 
regression model is estimated. 

OP-MP= + 0*Mon+ 1*Mat+ 2*TED+ 3*Vol+ 4*Ed+AR(1)+  (4) 

2 The Graphs are notdisplayed that can be given under request 
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We regress the prediction error against the moneyness (Mon), maturity of the option contract 
(Mat), TED spread, volatility (Vol) and Eurodollar futures rate (Ed). The TED spread is defined as the 
spread between Eurodollar forward rates and three-month Treasury bill rates. Volatility (Vol) is the 
level of volatility on the t+1 day. AR(1) is the coefficient of first order autocorrelation and  is the 
error term. The objective of this analysis is to identify any effects in our prediction errors, so that the 
model which is most consistent with data can be identified. The regression results are reported in Table 
8.

Since the F-statistics are very large, the coefficients are significant at a 95 percent confidence 
interval, indicating they jointly affect prediction errors. The R squares for all models are between 0.45 
and 0.82, showing the level of fit to the regression �H�T�X�D�W�L�R�Q���� �)�L�U�V�W���� �W�K�H�� �³�V�P�L�O�H�´�� �R�U�� �³�V�N�H�Z�´�� �H�I�I�H�F�W���� �L�V��
captured by the Mon. The OTM options are underpriced by the models. Since these options have low 
prices and low sensitivity to the volatility, the fitting procedures give them less weight. Therefore, their 
errors will generally tend to be larger. Second, the maturity or term structure effect is measured by the 
Mat. The non-EXP models underpriced long-lived options and overpriced short-lived options, whereas 
the EXP model overpriced long-lived options and underpriced short-lived options. Third, the volatility 
13 variable is added to examine whether the patterns of smile vary significantly with the level of 
uncertainty in the market. During the periods of greater uncertainty, there may be higher information 
asymmetry than during periods of lower uncertainty. If there is significantly greater information 
asymmetry, market markers may charge higher than normal prices for away-from-the-money options. 
This will lead to a steeper smile, especially on the ask side of the smile curve. 

Fourth, although our models assume that forward rates are risk free, in fact forward rates 
implied in Eurodollar futures prices contain some elements of default. For this reason, the differences 
of three-month Eurodollar yields and three-month Treasury bill (T-bill) are included. The T-bill is 
obtained from DataStream and computed by linearly interpolating between the average of bid and ask 
prices. If the TED follows systematic patterns with prediction errors, then it is possible that this 
variation itself may be partially responsible for the prediction errors that we find. The results are 
significant, indicating that prediction errors are affected by the variation in spread. Thus, one might 
suggest a model to incorporate the spread, but the problems of parameter estimation may be severe. 
Finally, the slope of the Eurodollar term structure of futures rates is also an indicator of future interest 
rates, which affects the demand for away-from-the-money options: if interest rates are expected to 
increase steeply, there will be a high demand for OTM options, resulting in a steepening of the smile 
curve.

Table 8: Identification of Predicting Errors 
OP-MP =  + 0*Mon + 1*Mat + 2*TED + 3*Vol + 4*Ed +AR(1) + 
This table reports the result of the multiple regression. The prediction errors are regressed against five 
independent variables where prediction errors are one-day out-of-sample errors defined as the 
differences between market and model prices. 

Coe1
0 1 2 3 4 AR(1) R^2 F-sta2

Black  0.60 -1.27 0.00 -0.16 -7.61 5.47 0.71 0.81 10983 
ABS  0.11 0.10 0.00 -0.03 -0.10 0.78 0.58 0.79 9517 
EXP  0.47 -1.19 0.00 -0.11 -8.24 2.63 0.72 0.62 4204 
SQR  0.56 -0.57 0.00 -0.14 -7.08 3.94 0.70 0.80 10326 

* indicates insignificance at 95 percent confident level (t statistics are not reported here). 
OP = Market price of option. MP = Model forecast price. Mon = Moneyness. Mat = Maturity. Vol = Volatility. 1. coe: coefficient 2. F-sta: F statistic. 

In sum, the predicting errors of options across moneyness and maturities estimated by these 
four models are jointly attributed by moneyness, maturity, TED spread, and forward rate level. If the 
volatility function incorporates the effects of these variables, predicting performance may be 
improved.
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Conclusion 
�7�K�L�V�� �V�W�X�G�\�� �F�R�P�S�D�U�H�V�� �%�O�D�F�N�¶�V�� �P�R�G�H�O�� �D�Q�G�� �W�K�U�H�H�� �P�R�G�H�O�V�� �L�Q�� �+�-�0�� �F�O�D�V�V�� �X�V�L�Q�J�� �(�X�U�R�G�R�O�O�D�U�� �I�X�W�X�U�H�V�� �D�Q�G��
options from 1 Jan 2000 to 31 Dec 2002. These models are potential candidates for measuring, 
controlling, and supervising interest rate risk within a risk management system. 

With this application in mind, we make two important decisions concerning the test 
methodology. First, we estimate input data from implied approach, not time-series. Second, we select 
as the dominant assessment criterion the ex post predictability of a model. 

�8�V�L�Q�J�� �W�K�L�V�� �F�U�L�W�H�U�L�R�Q���� �%�O�D�F�N�¶�V�� �P�R�G�H�O�� �R�X�W�S�H�U�I�R�U�P�V the ABS and SQR models, but not the EXP 
model. To check the robustness of this finding, 1-week prediction and three alternative calibration 
strategies are implemented. The results yield the same pattern as 1-day prediction. When predicting 
errors are categorized by moneyness and maturities, the moneyness bias and the maturity bias severely 
appears for all models, but less in the EXP model. These biases can not be eliminated or reduced by 
our three alternative calibration strategies. 

Besides the ex post predictability of models, additional criteria, in-sample fitting and 
computational efficiency, should be reflected in the overall assessment. When we consider the 
robustness of fitting into the samp�O�H���G�D�W�D�����%�O�D�F�N�¶�V���P�R�G�H�O���R�X�W�S�H�U�I�R�U�P��the ABS and the SQR model, not 
the EXP model. Considering the computing the option values numerically, none of the models are 
especially cumbersome. Even if we take into account these additional assessment criteria, we can 
�F�R�Q�F�O�X�G�H�� �W�K�D�W�� �W�K�H�� �(�;�3�� �P�R�G�H�O�� �R�X�W�S�H�U�I�R�U�P�V�� �R�W�K�H�U�� �P�R�G�H�O�� �D�Q�G�� �F�R�U�U�H�F�W�O�\�� �H�V�W�L�P�D�W�H�G�� �%�O�D�F�N�¶�V�� �P�R�G�H�O�� �F�D�Q��
replace mis-specified ABS and SQR models. 
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